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The mechanical modeling of rubber-like materials within the framework of nonlinear elasticity theory is
well established. The application of such modeling to soft biomaterials is currently the subject of intense
investigation. For soft biomaterials it is well known that exponential strain energy density models are par-
ticularly useful as they reﬂect the typical J-shaped stress-stretch stiffening response that is observed
experimentally. The most celebrated of these models for isotropic hyperelastic materials are those of
Fung and Demiray which depends only on the ﬁrst strain invariant and its generalization by Vito that
depends on both strain invariants. In the limit as the strain-stiffening parameter tends to zero, one recov-
ers the neo-Hookean and Mooney–Rivlin models that are linear functions of the invariants. Here we apply
these models to the analysis of the fracture or tearing of soft biomaterials. Attention is focused on a par-
ticular fracture test namely the trousers test where two legs of a cut specimen are pulled horizontally
apart out of the plane of the test piece. It is shown that, in general, the location of the cut in the specimen
plays a key role in the fracture analysis, and that the effect of the cut position depends crucially on the
constitutive model employed. This dependence is characterized explicitly for the strain-stiffening expo-
nential constitutive models considered. In contrast to the situation for rubber, our ﬁndings show that the
critical driving force and fracture toughness in tearing of some soft biomaterials in the trousers test are
virtually independent of the cut position.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
The mechanical modeling of rubber-like materials within the
framework of nonlinear elasticity theory is well established. The
application of such modeling to soft biological tissues is currently
the subject of intense investigation. For soft biomaterials it is well
known that exponential stress response models are particularly
useful. A viable alternative is a logarithmic dependence on the
strain invariants that leads to a limiting stretch, for example, the
Gent model (1996) originally developed for rubber but also appro-
priate for soft tissues (see, e.g., Horgan and Saccomandi, 2002,
2003, 2006). Soft biomaterials are known to undergo strain-stiffen-
ing at much smaller values of stretch than is the case for rubber
(see, e.g., Humphrey, 2002 and Holzapfel, 2005 for particularly illu-
minating discussions). Our concern here is with two such models
that have exponential dependence on the strain invariants namely
the celebrated FD model due to Fung (1967) and Demiray (1972)
and the generalization proposed by Vito (1973). These models re-
ﬂect the classic J-shaped stress response that is well known to be
characteristic of soft biomaterials. The ﬁrst of these models, which
depends only on the ﬁrst strain invariant, involves just two consti-
tutive parameters, namely the shear modulus at inﬁnitesimalll rights reserved.
: +1 434 982 2951.deformations and a dimensionless parameter measuring the extent
of strain-stiffening. The second is a three-parameter model that
has an additional parameter reﬂecting the degree of dependence
on the second strain invariant. The stress response of both models
in the basic homogeneous deformation of simple extension has
been recently discussed by Horgan and Smayda (2012). Here we
apply these results in the context of the trousers test for fracture
of elastomers with the motivation of developing results relevant
to the tearing of soft biomaterials.
The trousers test where two legs of a cut specimen are pulled
horizontally apart out of the plane of the test piece is a well estab-
lished test for the fracture toughness of rubber (see, e.g., Thomas,
1994 and Lake, 2003 for a detailed description of this basic test).
This test conﬁguration has also been used to examine the behavior
of some biomaterials. Purslow (1983, 1989) has described results
obtained on using this test for rat skin, pig aorta and other soft bio-
logical tissues, the fracture of articular cartilage has been investi-
gated by Chin-Purcell and Lewis (1996) and the toughness of
adipose tissue has been investigated recently by Comley and Fleck
(2010). An informative discussion of the application of the trousers
test protocol to a variety of biomaterials is given by Atkins and Mai
(1985) where it is pointed out that consideration of the stretch of
the trouser legs, which is often ignored, is crucial when soft bioma-
terials are of concern. Furthermore, Atkins and Mai (1985) and Mai
and Atkins (1989) discuss the implications for fracture of the
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in simple extension and the J-shaped response of soft biomaterials.
As suggested by these authors, the relative difﬁculty in tearing soft
biological tissues compared with rubber is not due to a high frac-
ture toughness but rather due to the low shear modulus reﬂected
in the almost horizontal initial shape of the response curve result-
ing in resistance of energy transmission to crack tips. Sawyers and
Rivlin (1974) provided an analysis of the trousers test within the
context of nonlinear elasticity for rubber based on earlier work of
Rivlin and Thomas (1953) where the classic Grifﬁth criterion was
extended to the analysis of cut growth in a vulcanized rubber
sheet. Sawyers and Rivlin (1974) were particularly concerned with
the effect of cut location on the fracture characteristics and illus-
trated their results on using the Mooney–Rivlin strain energy den-
sity. It was shown by Horgan and Schwarz (2005) that these results
depend crucially on the constitutive model employed. Our purpose
here is to examine the implications of the analysis of Sawyers and
Rivlin (1974) for the tearing of soft biomaterials.
The outline for this paper is as follows. In Section 2, we brieﬂy
describe the two constitutive models mentioned earlier and sum-
marize results of Horgan and Smayda (2012) on the stress response
for the homogeneous deformation of simple extension. While the
FD and Vito models predict a qualitatively similar stress response
for this deformation, for a ﬁxed value of the strain-stiffening
parameter the former predicts a much stiffer stress response. In
Section 3, we investigate the utility of the two models in predicting
some features that arise in the tearing of soft biomaterials. This is
done in the context of the trousers test for rupture. We refer to
Sawyers and Rivlin (1974) and Horgan and Schwarz (2005) for a
description of this basic test within the framework of nonlinear
elasticity. The results described in Section 2 for simple extension
are applied to the analysis of the trousers test. One of the major re-
sults established by Sawyers and Rivlin (1974) for the special case
of a Mooney–Rivlin material is that the cut position in the trousers
specimen plays a signiﬁcant role in the analysis of fracture. It is
shown in Section 3 that such a result depends crucially on the con-
stitutive model being employed. Thus, while the cut position is
important for fracture of the FD and Vito models for small values
of the strain-stiffening parameter, this is not the case when large
values of this parameter are considered. Large values of this
parameter are typical for some soft biological tissues and reﬂect
a stiff material response in extension. Thus, in contrast to the situ-
ation for rubber, our ﬁndings show that the critical driving force
and fracture toughness in tearing of some soft biomaterials in
the trousers test are virtually independent of the cut position.2. The Fung and Vito constitutive models and their response in
simple extension
Here we describe the two constitutive models of concern and
examine the predicted response for the basic homogeneous defor-
mation of simple extension. First we recall the kinematic quantities
(see, e.g., Beatty, 1987 or Ogden, 1984)
F ij ¼ @xi
@Xj
; B ¼ FFT ; I1 ¼ tr B; I2 ¼ I3trðB1Þ;
I3 ¼ det B; J ¼ det F; ð1Þ
where Fij, B, J, I1, I2, and I3 are the deformation gradient, left Cauchy–
Green tensor, the Jacobian, and the ﬁrst, second, and third strain
invariants respectively. The physical interpretation of the third
invariant is immediate since I3 = J2 and so I3 provides a measure
for the change in volume. The ﬁrst invariant provides a measure
for the average over all possible orientations of three times the
squared stretches of an inﬁnitesimal line element while the second
invariant measures the corresponding quantity for an area element(see, e.g., Kearsley, 1989 for a discussion). The strain-energy density
function per unit undeformed volume for an incompressible isotro-
pic elastic material is given as W =W(I1, I2) where detF = 1 so that
I3 = 1. The neo-Hookean strain-energy
WNHðI1Þ ¼ l2 ðI1  3Þ; ð2Þ
is the simplest model for nonlinear elastic behavior of isotropic
incompressible materials. Useful at small stretches, the neo-
Hookean model involves a single constitutive constant (the shear
modulus l for inﬁnitesimal deformations) and has a linear depen-
dence on the ﬁrst strain invariant. A classic modiﬁcation of (2) is
the two constant Mooney–Rivlin model
WMRðI1; I2Þ ¼ l2 aðI1  3Þ þ ð1 aÞðI2  3Þ½ ; ð3Þ
where the non-dimensional parameter a is such that 0 < a 6 1. The
model (2) is the special case of (3) when a = 1.
The Fung–Demiray (FD) strain-energy
WFDðI1Þ ¼ l2b e
bðI13Þ  1  ð4Þ
was proposed by Demiray (1972) following the seminal develop-
ment by Fung (1967), where the non-dimensional positive constant
b provides a measure of the strain-stiffening characteristic of soft
biomaterials. In the limit as b? 0 in (4), one recovers the neo-
Hookean model (2). The two constant FD model involves the shear
modulus l and the dimensionless parameter b. Note that WFD
depends only on the ﬁrst strain-invariant. In rubber elasticity,
strain-energy densities of the form W =W(I1) are known as general-
ized neo-Hookean materials.
The three constant Vito model
WV ðI1; I2Þ ¼ l2b e
b aðI13Þþð1aÞðI23Þ½   1 ; ð5Þ
was proposed by Vito (1973) as a generalization of (4) to include
dependence on the second invariant. The dimensionless parameters
a and b have the same interpretation as before. When a = 1 in (5),
we recover (4). In the limit as b tends to zero in (5), one recovers
the Mooney–Rivlin model (3). The model (5) has received compar-
atively little attention in the literature on biomaterials modeling
compared with the classic model (4).
The response of an incompressible isotropic elastic material can
be determined by applying the standard constitutive law (see, e.g.,
Atkin and Fox, 1980; Ogden, 1984; Beatty, 1987; Taber, 2004)
T ¼ p1þ 2 @W
@I1
B 2 @W
@I2
B1; ð6Þ
where p is a hydrostatic pressure term associated with the con-
straint I3 = 1 and T denotes the Cauchy stress. For the Vito model
(5), we have
@WV
@I1
¼ la
2
eb aðI13Þþð1aÞðI23Þ½ ;
@WV
@I2
¼ lð1 aÞ
2
eb aðI13Þþð1aÞðI23Þ½ 
ð7Þ
with corresponding results for the FD model following on setting
a = 1. Thus from (6)we get
TFD ¼p1þlebðI13ÞB;TV ¼p1þ aBþð1aÞB1
h i
eb aðI13Þþð1aÞðI23Þ½ ; ð8Þ
respectively. It is sometimes convenient to use a nominal stress
based on the reference conﬁguration of the body. This stress (ﬁrst
Piola–Kirchhoff stress) in the case of incompressible materials is gi-
ven by
S ¼ F1T : ð9Þ
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whose long sides are along the X1-direction is given by
x1 ¼ kX1; x2 ¼ k12X2; x3 ¼ k12X3; k > 1; ð10Þ
where the dimensionless parameter k denotes the axial stretch. For
the FD model, it is shown in Horgan and Smayda (2012) that
T11 ¼ l k2  1k
 
eb k
2þ2k3ð Þ ð11Þ
while for the Vito model
T11 ¼ l a k2  1k
 
þ ð1 aÞ k 1
k2
  
e
b a k2þ2k3ð Þþð1aÞ 1k2þ2k3
 	h i
:
ð12Þ
In Fig. 1, we plot the non-dimensional nominal stress given by
S11/l = T11/kl for the two models under consideration.
In this ﬁgure, the values chosen for the stiffening parameter are
b = 1.0, 1.7 and 5.0. For the thoracic artery of a 21-year old male, it
was shown in Horgan and Saccomandi (2003) that b  1 when the
FD model is ﬁtted with experimental data while for a 70-year old
male one obtains b  5.5, the larger value reﬂecting the higher de-
gree of strain-stiffening of the older artery. Values of this parame-
ter for the FD model of similar order are given in Ho and Kleiven
(2007) for human cerebral veins (b  1.7) and cerebral arteries
(b  4.4). In a recent paper by Destrade et al. (2009), tensile tests
on a pig thoracic aorta were described where a value of b  1.3
was found to ﬁt well with the FD model (see Fig. 1 of Destrade
et al., 2009). Thus the range of values chosen in Fig. 1 for b reﬂect
a typical range for soft tissues and the solid curves show the re-
sponse for the FD model. Except for some data on the aorta of a
dog given in Vito (1973) where it is proposed that b = 0.325,
a = 0.932, we are unaware of comparable detailed experimental
data that has been used to ﬁt the Vito model. Furthermore, to com-
pare the responses of both models, it makes sense to use the same
values of b as were used earlier here for the FDmodel. Values of the
additional parameter in the Vito model are chosen as a = 0.25, 0.5,
and 0.75 respectively. The degree of dependence on the second1 1.2 1.4 1.6 1.8
0
5
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20
25
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λ
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11
/ μ
Fig. 1. Nominal stress response in simple exinvariant is measured by this parameter, where the smallest of
these values of a reﬂects the largest inﬂuence of this invariant.
For both models, Fig. 1 exhibits the classic J-shape that is well
known to be characteristic of soft biomaterials. From Fig. 1, it is
clear that for a given value of the strain-stiffening parameter b,
the FD model predicts a stiffer stress response than the Vito model.
Consider, for example, the far right dashed red curve correspond-
ing to b = 1 and a = 0.25 where this value of a reﬂects the largest
dependence on the second invariant for this value of b. At a stretch
of 1.8, we see from Fig. 1 that S11/l  3 for the Vito model whereas
S11/l  6 for the FD model. Thus there is approximately a 100% dif-
ference between the predictions of the models at this value of
stretch. For larger values of b, such a comparison at a given stretch
would yield even a greater difference. Also notice from Fig. 1 that
for b = 1.0 in the FD model and b = 1.7, a = 0.25 in the Vito model
the stress responses are virtually identical. Thus, given an FD mod-
el with prescribed value of b, one can ﬁnd parameters in the Vito
model so that the stress responses are virtually coincident. This
matching can be done for values of the strain-stiffening parameter
that are sufﬁciently close to one another. As was discussed, for
example, in Horgan and Smayda (2012) and Horgan and Murphy
(2011b), constitutive models that include a dependence on the sec-
ond invariant in general predict more realistic physical behavior so
that use of the Vito model to ﬁt experimental data is, in general,
preferable to using the FD model.3. The trousers test for tearing of soft biomaterials
The trousers test for rupture is a common test used to investi-
gate tearing of elastomers. In Sawyers and Rivlin (1974), an analyt-
ical treatment of this test is given for an incompressible isotropic
elastic material modeled by the Mooney–Rivlin constitutive equa-
tion. Unfortunately, because of the nature of this model, such a
study has limited applicability in predicting the behavior of rubber
and of soft biomaterials. On using the same Grifﬁth failure criterion
outlined in Sawyers and Rivlin (1974), here we investigate the
trousers test using the FD and Vito material models and thus2 2.2 2.4
b = 1.0, α  = 0.25
b = 1.0, α  = 0.50
b = 1.0, α  = 0.75
b = 1.0, α  = 1.00 (FD)
b = 1.7, α  = 0.25
b = 1.7, α  = 0.50
b = 1.7, α  = 0.75
b = 1.7, α  = 1.00 (FD)
b = 5.0, α  = 0.25
b = 5.0, α  = 0.50
b = 5.0, α  = 0.75
b = 5.0, α  = 1.00 (FD)
tension: comparison between models.
Fig. 2. The trousers test specimen.
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of soft biomaterials in this basic test.
The trousers test is a relatively straightforward test to carry out
(see, e.g., Busﬁeld et al., 1996). As shown in Fig. 2, a test specimen
of length l, thickness t, and widthw is ﬁrst formed. This specimen is
then cut along the axial direction resulting in a cut of length c.
Depending on the position of this cut, two legs of width w1 and
w2 (where w = w1 + w2) are formed. In general, the cut position
plays a crucial role in the test results.
The ends of each leg are then clamped and pulled in opposite
directionswith a uniform force F. Application of such a force will re-
sult in several regions of deformation depicted in Fig. 2. Region A is
the end region where the force F is applied. Region B represents
the complicated region about which tearing occurs. Provided that
the specimen is of sufﬁcient length there develops a region C in
which thematerial is in a state of simple extension. Finally, there ex-
ists an undeformed region D. In order to quantify the energy release1 1.1 1.2 1.3 1.4 1.5
1
1.5
2
2.5
λ2
λ 1
Fig. 3. Relationship between strerate or tearing energy denoted by E, the force in the specimen is
increaseduntil a catastrophic increase in crack lengthdc is observed.
This critical driving force can be related to E. Following Sawyers and
Rivlin (1974) we focus attention on region C and make use of the
results developed in Section 2 for simple extension.
Tearing of elastomers has been the subject of numerous previ-
ous investigations. See Thomas (1994) and Lake (2003) for exten-
sive reviews. Rivlin and Thomas (1953) extended the classic
Grifﬁth criterion to the analysis of cut growth in a vulcanized rub-
ber sheet. The same basic fracture criterion has been used to inves-
tigate the fracture of biomaterials (see, e.g., Purslow, 1983, 1989;
Atkins and Mai, 1985; Mai and Atkins, 1989; Chin-Purcell and
Lewis, 1996 and Comley and Fleck, 2010). Sawyers and Rivlin
(1974) used the extended Grifﬁth criterion to develop the follow-
ing relation for the trousers test
Fðk1 þ k2Þ  t w1Wjk¼k1 þw2Wjk¼k2
 	
¼ Et; ð13Þ1.6 1.7 1.8
ζ = 0.1, α  = 0.25
ζ = 0.1, α  = 0.50
ζ = 0.1, α  = 0.75
ζ = 0.1, α  = 1.00 (FD)
ζ = 0.3, α  = 0.25
ζ = 0.3, α  = 0.50
ζ = 0.3, α  = 0.75
ζ = 0.3, α  = 1.00 (FD)
ζ = 0.5
tch in legs 1 and 2 (b = 1.0).
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
1
1.5
2
2.5
λ2
λ 1
ζ = 0.1, α  = 0.25
ζ = 0.1, α  = 0.50
ζ = 0.1, α  = 0.75
ζ = 0.1, α  = 1.00 (FD)
ζ = 0.3, α  = 0.25
ζ = 0.3, α  = 0.50
ζ = 0.3, α  = 0.75
ζ = 0.3, α  = 1.00 (FD)
ζ = 0.5
Fig. 4. Relationship between stretch in legs 1 and 2 (b = 1.7).
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leg one and two respectively, k1 and k2 are the principal stretches in
region C of leg one and two respectively, F is the critical driving force,
W is the strain-energy density, and E is the tearing energy or energy
release rate (sometimes denoted by G or T in the literature on rubber
and by R in the biomaterials context). The non-dimensional fracture
toughness is E/lw. On denoting the cut position in the test specimen
by the dimensionless quantity f, we have
w ¼ w1 þw2; f ¼ w1w ;w1 ¼ fw and w2 ¼ ð1 fÞw; ð14Þ
and (13) simpliﬁes to1 1.1 1.2 1.3 1.4 1.5
1
1.5
2
2.5
λ2
λ 1
Fig. 5. Relationship between streFðk1 þ k2Þ  tw fWjk¼k1 þ ð1 fÞWjk¼k2
 	
¼ Et: ð15Þ
For a given E, t, w, f, and W, the corresponding values for F, k1,
and k2 must be determined. The net force generated in each leg
must be equal. Since the force in any rectangular section of the
material is F = S11wt, and on using the results for simple extension
found in Section 2, we thus obtain the following relations between
leg one and leg two for the FD and Vito models respectively:
F
ltw
¼ f k1  1
k21
 !
e
b k21þ 2k13
 	
¼ ð1 fÞ k2  1
k22
 !
e
b k22þ 2k23
 	
; ð16Þ1.6 1.7 1.8
ζ = 0.1, α  = 0.25
ζ = 0.1, α  = 0.50
ζ = 0.1, α  = 0.75
ζ = 0.1, α  = 1.00 (FD)
ζ = 0.3, α  = 0.25
ζ = 0.3, α  = 0.50
ζ = 0.3, α  = 0.75
ζ = 0.3, α  = 1.00 (FD)
ζ = 0.5
tch in legs 1 and 2 (b = 5.0).
0 5 10 15
0
0.5
1
1.5
2
2.5
3
3.5
4
E/μw
F/
μt
w
ζ = 0.1, α  = 0.25
ζ = 0.1, α  = 0.50
ζ = 0.1, α  = 0.75
ζ = 0.1, α  = 1.00 (FD)
ζ = 0.3, α  = 0.25
ζ = 0.3, α  = 0.50
ζ = 0.3, α  = 0.75
ζ = 0.3, α  = 1.00 (FD)
ζ = 0.5, α  = 0.25
ζ = 0.5, α  = 0.50
ζ = 0.5, α  = 0.75
ζ = 0.5, α  = 1.00 (FD)
Fig. 6. Critical driving force vs. fracture toughness (b = 1.0).
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ltw
¼ f a k1 1
k21
 !
þð1aÞ 1 1
k31
 !" #
e
b a k21þ 2k13
 	
þð1aÞ 2k1þ 1
k2
1
3
  
¼ð1 fÞ a k2 1
k22
 !
þð1aÞ 1 1
k32
 !" #
e
b a k22þ 2k23
 	
þð1aÞ 2k2þ 1
k2
2
3
  
:
ð17ÞOn using the second pair in each of these equations the correspond-
ing stretches in each leg can be determined. The relationships
between k1 and k2 for the FD and Vito models are shown in
Figs. 3–5 for values of the strain stiffening parameter b = 1.0, 1.70 5 10
0
0.5
1
1.5
2
2.5
3
3.5
4
E/μw
F/
μt
w
Fig. 7. Critical driving force vs. fand 5.0 respectively. When f = 0.5 (i.e., the cut is in the middle of
the specimen), the graph of k1 versus k2 in each of Figs. 3–5 is just
a straight line since k1 = k2 in this case. As f decreases from 0.5 to
0.1, i.e., as the width of leg one decreases, the stretch k1 becomes
increasingly larger than k2. It can be seen that, for cut positions
close to the edge, k1 initially increases much faster than k2. We also
observe on comparing each of Figs. 3–5 that the inﬂuence of the sec-
ond invariant is more pronounced for the smaller value of the
strain-stiffening parameter b and decreases as b increases. Thus,
at a given location of the cut position, while the curves for the FD
and Vito models in Fig. 3 for b = 1 are quite distinct, the correspond-
ing curves in Fig. 5 for b = 5.0 are very close together.15
ζ = 0.1, α  = 0.25
ζ = 0.1, α  = 0.50
ζ = 0.1, α  = 0.75
ζ = 0.1, α  = 1.00 (FD)
ζ = 0.3, α  = 0.25
ζ = 0.3, α  = 0.50
ζ = 0.3, α  = 0.75
ζ = 0.3, α  = 1.00 (FD)
ζ = 0.5, α  = 0.25
ζ = 0.5, α  = 0.50
ζ = 0.5, α  = 0.75
ζ = 0.5, α  = 1.00 (FD)
racture toughness (b = 1.7).
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μt
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ζ = 0.1, α  = 0.25
ζ = 0.1, α  = 0.50
ζ = 0.1, α  = 0.75
ζ = 0.1, α  = 1.00 (FD)
ζ = 0.3, α  = 0.25
ζ = 0.3, α  = 0.50
ζ = 0.3, α  = 0.75
ζ = 0.3, α  = 1.00 (FD)
ζ = 0.5, α  = 0.25
ζ = 0.5, α  = 0.50
ζ = 0.5, α  = 0.75
ζ = 0.5, α  = 1.00 (FD)
Fig. 8. Critical driving force vs. fracture toughness (b = 5.0).
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λ2 = 1.4, α  = 0.25
λ2 = 1.4, α  = 0.50
λ2 = 1.4, α  = 0.75
λ2 = 1.4, α  = 1.00 (FD)
λ2 = 1.7, α  = 0.25
λ2 = 1.7, α  = 0.50
λ2 = 1.7, α  = 0.75
λ2 = 1.7, α  = 1.00 (FD)
λ2 = 2.0, α  = 0.25
λ2 = 2.0, α  = 0.50
λ2 = 2.0, α  = 0.75
λ2 = 2.0, α  = 1.00 (FD)
Fig. 9. Fracture toughness vs. cut position f(b = 1.0).
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F
ltw
 
ðk1þ k2Þ 12b fe
b k21þ 2k13
 	
þð1 fÞeb k
2
2þ 2k23
 	
1
( )
¼ E
lw
;
ð18Þ
and
F
ltw
 
ðk1 þ k2Þ  12b fe
bb1 þ ð1 fÞebb2  1  ¼ E
lw
ð19Þwhere
b1 ¼ a k21 þ
2
k1
 3
 
þ ð1 aÞ 2k1  1
k21
 3
 !
;
b2 ¼ a k22 þ
2
k2
 3
 
þ ð1 aÞ 2k2  1
k22
 3
 !
:
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Figs. 6–8 show the relation between the non-dimensional critical
driving force F/ltw and the corresponding fracture toughness
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tion to the FD model. While the plots in Fig. 6 show that the cut po-
sition plays an important role in the fracture of biomaterials by
predicting that, for a given fracture toughness, the critical driving
force is smallest for cut positions close to the edge (i.e., f = 0.1)
and increases as the cut position approaches the center, this effect
is much less apparent in Fig. 7 and is virtually absent in Fig. 8. Thus
we conclude that for very stiff biomaterials, the cut location has little
effect on the nature of tearing. Such a result was also predicted by
Horgan and Schwarz (2005) on using the Gent model. This result
for stiff materials might be anticipated because extremely stiff re-
sponse is analogous to that predicted for a linear elastic material,
in which case Sawyers and Rivlin (1974) have shown that the re-
sults are independent of the cut position.
Finally, we consider the variation of the fracture toughness with
cut position. For b = 1, this relation is plotted in Fig. 9 for ﬁxed val-
ues of the stretch in leg 2 namely k2 = 1.4, 1.7 and 2.0 respectively.
Notice that for the smallest value of these stretches, the predictions
for the FD and Vito models are virtually identical and are virtually
independent of the cut position. For the larger stretches, there is a
signiﬁcant difference in the respective results and the fracture
toughness decreases as the cut position gets closer to the center.
As the cut position approaches the edge of the specimen (i.e.,
f? 0), all the curves in Fig. 9 tend sharply to inﬁnity. Thus the frac-
ture toughness is unbounded as the cut position approaches the
edge. This is also the prediction that arises in the tearing of rubber
on using classical constitutive models (see, e.g., Sawyers and Rivlin,
1974). However, for models such as the Gent model that reﬂect
limiting stretch, it was shown in Horgan and Schwarz (2005) that
the corresponding fracture toughness is bounded. Figures showing
a qualitatively similar behavior to that of Fig. 9 can also be ob-
tained for b = 1.7, 5 where for the larger value of b there is very lit-
tle difference between the response of the FD and Vito models and
the fracture toughness is virtually independent of the cut position.4. Conclusions
One of the main conclusions reached in Sawyers and Rivlin
(1974) for the classical Mooney–Rivlin constitutive model used in
that study was that the cut position plays a crucial role in the
application of the trousers test for fracture of rubber. In Horgan
and Schwarz (2005) it was shown that this conclusion depends crit-
ically on the constitutive model employed. For softer materials the
cut position plays a major role by allowing smaller forces for cut
positions near the edge to give rise to the same fracture toughness
as larger forces for central cut positions. This is due to the gradient
of stretch, which occurs in the transition from one leg to the other.
For soft biomaterials, this effect has been shown here to be greatly
reduced as the material becomes stiffer (i.e., for larger values of b
in the FD and Vito models respectively). An analogous result was
obtained by Horgan and Schwarz (2005) for the Gent model. As re-
marked earlier, in the case of linear elasticity it is known (Sawyers
and Rivlin, 1974) that the critical stress for fracture in the trousers
test is independent of the cut position.
We have focused attention here on the main features that arise
in the tearing of soft biomaterials modeled within the framework
of the theory of nonlinear elasticity for incompressible isotropic
materials. While some soft biomaterials, for example, brain and li-
ver tissue and biogels have been shown to be isotropic (see, e.g.,
Pervin et al., 2011; Janmey et al., 2007; Dobrynin and Carrillo,
2011) it is also well known that many other soft tissues such as
arterial walls, skin and tendons demonstrate anisotropic material
behavior. A commonly used continuum mechanics based model
for such tissues is to model the matrix elastin material as isotropic
which is reinforced by collagen ﬁbers giving rise to overallanisotropy (see, e.g., Horgan and Murphy, 2011a and references
cited therein). In such models, strain-stiffening of the isotropic
matrix phase could be captured by the FD and Vito strain-energies
used here but the overall anisotropy would require a more elabo-
rate treatment.Acknowledgements
The work of COH was supported by the US National Science
Foundation under Grant CMMI 0754704. The authors are grateful
to the reviewers for their constructive comments on an earlier ver-
sion of the manuscript.References
Atkin, R.J., Fox, N., 1980. An Introduction to the Theory of Elasticity. Longman, New
York, Reprinted by Dover, New York, 2005.
Atkins, A.G., Mai, Y-W., 1985. Elastic and Plastic Fracture: Metals, Polymers,
Ceramics, Composites, Biological Materials. Ellis Horwood, Chichester, UK.
Beatty, M.F., 1987. Topics in ﬁnite elasticity: hyperelasticity of rubber, elastomers,
and biological tissues-with examples. Appl. Mech. Rev. 40, 1699–1733,
Reprinted with minor modiﬁcations as ‘‘Introduction to nonlinear elasticity’’
in: Carroll, M.M., Hayes, M.A., 1996 (Eds) Nonlinear Effects in Fluids and Solids,
Plenum Press, New York, pp. 16–112.
Busﬁeld, J.J.C., Davis, C.K.L., Thomas, A.G., 1996. Aspects of fracture in rubber
components. Prog. Rubber Technol. 12, 191–207.
Chin-Purcell, M.V., Lewis, J.L., 1996. Fracture of articular cartilage. J. Biomech. Eng.
118, 545–556.
Comley, K., Fleck, N.A., 2010. The toughness of adipose tissue: measurements and
physical basis. J. Biomech. 43, 1823–1826.
Demiray, H., 1972. A note on the elasticity of soft biological tissues. J. Biomech. 5,
309–311.
Destrade, M., Ni Annaidh, A., Coman, C.D., 2009. Bending instabilities of soft
biological tissues. Int. J. Solids Struct. 46, 4322–4330.
Dobrynin, A.V., Carrillo, J-M.Y., 2011. Universality in nonlinear elasticity of
biological and polymeric networks and gels. Macromolecules 44, 140–146.
Fung, Y.C.B., 1967. Elasticity of soft tissues in simple elongation. Am. J. Physiol. 213,
1532–1544.
Gent, A.N., 1996. A new constitutive relation for rubber. Rubber Chem. Technol. 69,
59–61.
Ho, J., Kleiven, S., 2007. Dynamic response of the brain with vasculature: a three-
dimensional computational study. J. Biomech. 40, 3006–3012.
Holzapfel, G.A., 2005. Similarities between soft biological tissues and rubberlike
materials. In: Austrell, P.E., Kari, L. (Eds.), Constitutive models for rubber IV,
Proceedings of the 4th European Conference on ‘‘Constitutive Models for
Rubber’’, (ECCMR 2005), Stockholm, Sweden, Balkema, Lisse, pp. 607–617.
Horgan, C.O., Murphy, J.G., 2011a. Simple shearing of soft biological tissues. Proc.
Roy. Soc. Lond. A 467, 760–777.
Horgan, C.O., Murphy, J.G., 2011b. On the normal stresses in simple shearing of
ﬁber-reinforced nonlinearly elastic materials. J. Elast. 104, 343–355.
Horgan, C.O., Saccomandi, G., 2002. Constitutive modeling of rubber-like and
biological materials with limiting chain extensibility. Math. Mech. Solids 7,
353–371.
Horgan, C.O., Saccomandi, G., 2003. A description of arterial wall mechanics using
limiting chain extensibility constitutive models. Biomech. Model. Mechanobiol.
1, 251–266.
Horgan, C.O., Saccomandi, G., 2006. Phenomenological hyperelastic strain-
stiffening constitutive models for rubber. Rubber Chem. Technol. 79, 152–
169.
Horgan, C.O., Schwarz, J.G., 2005. Constitutive modeling and the trousers test for
fracture of rubber-like materials. J. Mech. Phys. Solids 53, 545–564.
Horgan, C.O., Smayda, M.G., 2012. The importance of the second strain invariant in
the constitutive modeling of elastomers and soft biomaterials. Mech. Meter, in
press.
Humphrey, J.D., 2002. Cardiovascular Solid Mechanics. Springer, New York.
Janmey, P.A., McCormick, M.E., Rammensee, S., Leight, J.L., Georges, P.C.,
MacKintosh, F.C., 2007. Negative normal stress in semiﬂexible biopolymer
gels. Nature Mater. 6, 48–51.
Kearsley, E.A., 1989. Strain invariants expressed as average stretches. J. Rheol. 33,
757–760.
Lake, G.J., 2003. Fracture mechanics and its application to failure in rubber articles.
Rubber Chem. Technol. 76, 567–591.
Mai, Y.-M., Atkins, A.G., 1989. Further comments on J-shaped stress-strain curves
and the crack resistance of biological materials. J. Phys. D: Appl. Phys. 22,
48–54.
Ogden, R.W., 1984. Non-linear Elastic Deformations. Ellis Horwood, Chichester,
Reprinted by Dover, 1997.
Pervin, F., Chen, W.W., Weerasooriya, W., 2011. Dynamic compressive response of
bovine liver tissue. J. Mech. Behavior Biomed. Mater. 4, 76–84.
Purslow, P.P., 1983. Measurement of the fracture toughness of extensible
connective tissues. J. Mater. Sci. 18, 3591–3598.
C.O. Horgan, M.G. Smayda / International Journal of Solids and Structures 49 (2012) 161–169 169Purslow, P.P., 1989. Fracture of nonlinear biological materials: some observations
from practice relevant to recent theory. J. Phys. D: Appl. Phys. 22, 854–856.
Rivlin, R.S., Thomas, A.G., 1953. Rupture of rubber. I. Characteristic energy for
tearing. J. Polymer Sci. 10, 291–318.
Sawyers, K.N., Rivlin, R.S., 1974. The trousers test for rupture. Eng. Fracture Mech. 6,
557–562.Taber, L.A., 2004. Nonlinear Theory of Elasticity: Applications in Biomechanics.
World Scientiﬁc, Singapore.
Thomas, A.G., 1994. The development of fracture mechanics for elastomers. Rubber
Chem. Technol. 67, G50–G60.
Vito, R., 1973. A note on arterial elasticity. J. Biomech. 6, 561–564.
